
DYNAMIC METHOD OF MEASURING THE THERMAL 

CONDUCTIVITY OF GASES AT HIGH TEMPERATURES 

R. A .  M u s t a f a e v  UDC 536.23:536:453 

The author p roposes  a method of m e a s u r i n g  and a fo rmula  for calculat ing the t he rma l  
conductivi ty of gases  during monotonic heating.  

The rmo phys i ca l  m e a s u r e m e n t s  a r e  made  bas i ca l l y  on spec imens  of s imple  shapes  (plate,  cy l inder ,  
sphere)  inside which a one-d imens ional  t e m p e r a t u r e  field t ( r ,  T) with a suff icient ly sma l l  drop is a r t i f i c i a l -  
ly mainta ined.  

The following nonl inear  equation of heat conduction is valid for calculat ing the t e m p e r a t u r e  field in 
such spec imens :  

1 d)~ ( o r  ]== 1 Ot 
v~t + - k - "  dt \ ~ r  ] - ~ . - ~  . (I) 

Genera l ly ,  the coeff icients  a(t),  ~(t),  c (t), and 7(t)  a re  a r b i t r a r y  functions of the t e m p e r a t u r e .  

An analyt ic  solution can be obtained only in individual spec ia l  ca ses  where  the t e m p e r a t u r e - d e p e n -  
dence of the the rmophys iea l  p r o p e r t i e s  is subject  to s implifying cons t ra in t s  and where  e i ther  r igorous  or  
approx imate  t r an s fo rm a t i ons  may  reduce  the equation to a l inear  one. 

The s imp l e s t  case  is 

a (0 = const; k (t) = const; c (t) = const; 7 (t) = const. (2) 

With (2), Eq. (1) t r a n s f o r m s  into the o rd inary  l inear  equation of heat  conduction 

I dt 
v~t  = a 0 z  (3) 

which has been solved in [1] for  var ious  different  boundary conditions.  
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Fig. i. Basic schematic diagram of a X-calorimeter 
C) copper road; B) metal block; H) heater. 
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Fig.  2. Rat io  x / l  = f (n / )  for  r ea l  
X - c a l o r i m e t e r s .  

a = ao(1 + 

Almos t  all  exist ing methods of t he rmophys ica l  m e a s u r e m e n t s  
a r e  based on r egu la r i t i e s  in the so lu t ion  to Eq. (37. With any other  
assumpt ions  concerning the functional re la t ions  a (t), ?~(t), c (t), and 
y( t )  than those in (27, Eq. (2) will r e m a i n  nonl inear  and will r equ i re  
approx imate  methods  of solution. 

The rmophys i ca l  m e a s u r e m e n t s  usual ly  involve a smal l  t e m p e r a -  
ture drop 0 ( r ,  T). This  allows us to r e p r e s e n t  the p a r a m e t e r s  a,  ~, 
c,  and Y on in te rva l s  c o m m e n s u r a b l e  with d ( r ,  T 7 as Taylor  s e r i e s  
expansions  of the r e spec t ive  functions in powers  of ~ ( r ,  r): 

koO + no~ ~ + . . . ) ;  ~, = ~o (1 + k ~  + n ~  ~ + . . . ) ;  
(4) 

c = co (1 + k~# + n ~  * + . . . ) ;  "r = Vo (1 + k~o + %0* + �9 �9 .), 

The power  s e r i e s  in (4) a r e  absolu te ly  convergent .  The ra t e  of the i r  convergence  is d i r ec t ly  re la ted  
to the magni tude of the t e m p e r a t u r e  drop ~ and can be control led by the e x p e r i m e n t e r .  

An analys is  of published data shows that,  within the t e m p e r a t u r e  ranges  between phase  t r a n s f o r m a -  
t ions,  the re la t ive  coeff ic ients  r e m a i n  usual ly  [kil - 3 . 1 0  -3 deg -1 and ]nil _< 3 . 1 0  -6 deg -2, making the condi-  
t ions for the op t imum convergence  of s e r i e s  (4) 

[k~OI ~ 0 . 1  and ] n ~  [-~ 0.01 (5) 

eas i ly  r ea l i zab le  in the rmophys ica l  m e a s u r e m e n t s .  For  ins tance ,  conditions (5)al low m e a s u r e m e n t s  with 
,~ = 10-100"(2, and with ~ _< 5~C we have for  s e r i e s  (4): 

I k ~ [ ~  0.01 and [ n ~  [ ~.< 0.0001. (6) 

If conditions (6) a r e  sa t i s f ied ,  then the the rmophys ica l  p a r a m e t e r s  can be r e p r e s e n t e d  as  l i nea r  func-  
tions of the t e m p e r a t u r e  drop ~. 

The bas ic  pr inc ip le  of a ?~-ca lor imeter  is shown schema t i ca l l y  in Fig.  1. The t e m p e r a t u r e  d i s t r ibu-  
t ion in the act ive zone of this c a l o r i m e t e r  is a lso indicated he re .  

The c a l o r i m e t e r  cons is t s  of a me ta l  b lock  B and a solid copper  rod  C mounted coaxtal ly .  Between 
them there is a r a t he r  n a r r o w  gap filled during the expe r imen t  with the t es t  gas .  The c a l o r i m e t e r  is heated 
monotonica l ly  by a hea te r  H s p r ead  un i fo rmly  over  the outside su r face  of the block.  

Genera l ly ,  the heat  can be t r ansmi t t ed  through the gap by  conduction, convection,  and radia t ion.  Con-  
vect ion can usual ly  be e l iminated  f rom gaseous  i n t e r l a y e r s  without m a j o r  diff icul t ies .  The radia t ive  co mp o -  
nent is apprec iab le  at  high t e m p e r a t u r e s ,  however ,  and mus t  be accounted for .  

The t e m p e r a t u r e  drops  will  be r e f e r r e d  to the rod t empera tu re :  

~(r ,  x ) = t ( r ,  x ) - - t e ( x  ). (7) 

The t h e r m a l  flux through the gaseous in t e r l aye r  is de te rmined  by the heat  capaci ty  C c (t) and the heating 
r a t e  b C if) of the rod: 

Q (~7 = Co (t) O~ (~). (8) 

The t h e r m a l  flux pene t r a t e s  through the gap by conduction QX and by  radia t ion  Qr: 

Q (~) = Q~ (~) + Qr (-0. (9) 

The following expres s ion  appl ies  to the rad ia ted  flux Qr 

Qa (~) = eo~ T~e). (10) 

The Four i e r  equation appl ies  to the conduction flux Q?~: 

Q~ (x) : L(t  7 2~rl d---~ t " (11) 
dr 

In tegra t ing (11) f r o m  r = R C to r = R B and re ta in ing  only the l inear  t e r m  in s e r i e s  (4) will yield 

~(i) = Q~ In R__BB = Q____~_Q_L In R___~B, (12) 
4~xlOBc Ro 2~XI~sc Re 

where  i = t C + 1/2~BC. 
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Fig. 3. T e m p e r a t u r e  drops  during m e a s u r e m e n t s  (ndiv) and during c a l i b r a -  
t ion (n~iv) .  

Fig.  4. " I n s t r u m e n t  constants"  as functions of the t empe ra tu r e :  N ( J / m .  deg), 
Ah 0 (W/ re .  deg), t (*C). 

At a smal l  t e m p e r a t u r e  d i f ference  (~BC/2T < 0.05) exp re s s ion  (10) becomes  

Qr ('0 = 4eoClo2~RclT3Osc. 

Consequently,  fo rmula  (12) can be r ewr i t t en  as 

X ( T ) =  c~ mfl--~B - -  AX~ (0, 
2~I~Bc Re " 

where  

(i3) 

(14) 

A~, z (T)=4eoaoR~T~ In R~B. 
Ro 

According  to the design fo rmula  (14), the de te rmina t ion  of Mt) r e q u i r e s  a m e a s u r e m e n t  of b C 0") and 
of drop ~BC a c r o s s  the l aye r .  Another  mode of t e m p e r a t u r e  m e a s u r e m e n t s  is a lso  poss ib le ,  where  the t ime  
l agTcB  (t) of the rod t e m p e r a t u r e  t C if) is r e co rded  d i rec t ly .  The r e spec t i ve  s ignals  E C (~-) and E B if) a r e  
r e c o r d e d  through a po ten t iomete r ,  while the t ime delay of signal E C re la t ive  to s ignal  E B is r eco rded  d i -  
r ec t ly  at  p r e s e l e c t e d  fixed t e m p e r a t u r e  levels  E (t). 

Fo r  the other  mode of t e m p e r a t u r e  m e a s u r e m e n t s  the design fo rmula  b e c o m e s  

Cc RB (1 
X(t) = 2~/,~cB(t) In ~ +Ao) - -AX t (t), (15) 

where  

A~ = - -  1/2 (2k, +kv. , - - k O  b~cB. (16) 

Consider ing  that  k c + k v , T - k  x = k~, one can t r a n s f o r m  (16) into 

1 
1 T 0% + ko) %C. (17) Aa = - -  ~-(k~ + ko) O~cB = - -  

T h e  co r r ec t i on  A(r in t e r m s  of (17) is m o r e  convenient  for  p r ac t i ca l  use.  

These  design fo rmulas ,  which re f l ec t  the bas ic  f e a ~ r e s  of the method,  do not incorpora te  a number  
of co r r ec t ions  involved in making this method technical ly  feasible  and, the re fo re ,  a re  not yet  workable .  
Such m a j o r  co r rec t ions  include: a co r r ec t ion  for  the readings  of the rmocoup les  which m e a s u r e  the t e m p e r a -  
tu re  drop a c r o s s  the l aye r ,  a co r r ec t ion  for  the heat  t r a n s f e r  f r o m  block to rod through s t r a y  heat  paths ,  
and a co r r ec t i on  for poss ib ly  an i so the rmal  act ive rod and block s u r f a c e s .  The f i r s t  of these co r r ec t i ons  
m u s t  be usua l ly  made  to account  for  s t r a y  emfs  in the thermoeouple  c i rcu i t s ,  for  the not quite identical  
ca l ib ra t ion  c h a r a c t e r i s t i c s  of the the rmoeoup les ,  and for  the r a t h e r  l a rge  dis tance f rom the act ive  junctions 
of the the rmocouples  to the plane su r f aces  of the b lock  and the rod.  When the the rmocouples  a r e  insta l led 
pe rmanen t ly ,  this co r r ec t i on  depends only on the t e m p e r a t u r e  level  and on the heat ing ra te  and can thus be de-  
t e rmined  f r o m  cal ibra t ion  tes t s  and defined as an " ins t rumen t  constant ."  The second co r r ec t i on  accounts ,  
genera l ly ,  for  rad ia t ive  heat  t r a n s f e r  through the l aye r  of tes t  substance,  also for heat  leakage along the 
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T A B L E  1. T e s t  Values of T h e r m a l  Conduct iv i ty  fo r  A i r  and Wate r  
Vapor  a t  Var ious  T e m p e r a t u r e s  

t, oe 

150 
207 
227 
246 
265 
284 
302 

'_ k'lO 4, W/m.deg 

air ~ater vapor 

347 280 
385 341 
400 365 
411 385 
422 406 
433 426 
442 445 

319 
336 
354 
363 
380 
396 
404 

k" 10 4, W/rn  �9 deg 

air water vapor 

458 467 
462 484 
477 502 
484 510 
489 532 
497 550 
508 558 

r o d  f a s t e n e r s  and the t h e r m o c o u p l e  w i r e s .  The c o r r e c t i o n  for  r ad ia t ion  depends  e s s e n t i a l l y  on the na tu re  
of  the t e s t  subs t ance  and it  m u s t  be  d e t e r m i n e d  f r o m  data  on the i n t eg ra l  t r a n s m i t t i v t t y  of the l a y e r  as  a 
funct ion of the t e m p e r a t u r e .  If the subs t ance  is a l m o s t  p e r f e c t l y  nonabsorb ing ,  then the c o r r e c t i o n  Ah r 
b e c o m e s  an ' , i n s t r um e n t  cons tan t"  and can  be found f r o m  ca l ib ra t ion  t e s t s .  The c o r r e c t i o n  for  heat  l eakage  
a long  the r o d  f a s t e n e r s  and the t h e r m o c o u p l e  w i r e s  AX T can,  in the c a s e  of a p e r m a n e n t  ins ta l la t ion ,  be a l -  
ways  t r e a t e d  as  an  ' , i n s t rumen t  cons tan t"  and d e t e r m i n e d  ana ly t i ca l ly .  

The  des ig~ f o r m u l a s  (14) and (15) with these  two c o r r e c t i o n s  b e c o m e  

()) = Cc be In RB2 _ A)~o ' (lS) 
2ul (t~BC c- ~o) Rc 

1 Ce In RB (1 +.ha) --h~, o. (19) 
;~ (t) = 2~--~ (~CB-- xo) - ~  

H e r e  Ah o = A h r  + AXT.  

C o r r e c t i o n s  ~0ff) and l-~ a r e  " i n s t r u m e n t  cons t an t s "  and can  be found f r o m  a ca l ib ra t ion  t e s t  dupli- 
cating a m e a s u r e m e n t  with the rod  i n s e r t e d  into the b l o c k  a long a s l id ing fi t .  

A quant i ta t ive  c o n s i d e r a t i o n  of  the s y s t e m a t i c  e r r o r  due to a n i s o t h e r m a l  ac t ive  b lock  and rod  s u r -  
f aces  is f raugh t  with t echn ica l  d i f f icu l t ies .  F o r  in s t ance ,  i t  r e q u i r e s  a I a r g e r  n u m b e r  of t h e r m o c o u p l e s  in 
the b lock  and in the rod ,  to be loca ted  within the m o s t  c h a r a c t e r i s t i c  zones  of  the t e s t  l aye r ,  and it r e q u i r e s  
a p r e c i s e  ca l i b r a t i on  of  the c a l o r i m e t e r .  In our  c a l o r i m e t e r  setup t he re  a r e  two m a i n  f a c t o r s  which make  
the ac t ive  s u r f a c e s  of the t e s t  l a y e r  a n i s o t h e r m a l .  T h e s e  a r e  the heat ing of the rod  f r o m  its  ends and the 
inevi table  hea t  loss  th rough  the b lock  ends .  F o r  a quant i ta t ive  eva lua t ion  of  the t e m p e r a t u r e  field we wil l  
u se  the solut ion to the p r o b l e m  c o n c e r n i n g  the heat ing of  a s h o r t  rod  [3]. 

The  t e m p e r a t u r e  f ield in the b lock  within the  zone of the t e s t  l a y e r  is  a pa r abo l i c  funct ion of  the c o -  
o r  dinate:  

X ~ ~ 
tB(x'  g ) = / B  (0' x ) - - A t g ~ - '  A/B= 2X Bq~ " - - L  " (20) 

The t e m p e r a t u r e  field in the rod  s a t i s f i e s  the equat ion  of  hea t  conduct ion:  

b c n2 = 2~_ (21) d~t~ ~ n 2 --, 

dx s (t B -  to) = ac ~,cR~8 

with the b o u n d a r y  condi t ions  

dx ~=o x=t~ ' , OT = t (t) - -  t c (1). (22) 

The g e n e r a l  so lu t ion  to Eq.  (21) is 

to(x, ~)=%(x, ~) ~ ( 2 A t  + bo t~ + 2AtB+ X----L-% 
n~i 2 \ B a c X c 6 nl sh nl 

F r o m  (23) fol lows the t e m p e r a t u r e  drop  alL(x, r) a c r o s s  the cy I ind r i ea l  p a r t  of the l a y e r  

~L(x, ~ )=  2At s +- b~c 12 - -  2At B 4- ~'e 6 T] n l s h n l  
a c 

(23) 

(24) 
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Considering that (2/ + RC)~ 6 = 2l~ L + RCO T, we have 

~ L ( x ' z ) = ~ +  2htB§ ~,--~-'-5- . 21q- ntshnl  

Relat ion (25) yields the sect ion x where the 
t empera tu re  drop, i .e . ,  where  the condition dL(.X, 
here  f rom the following equation: 

1 )  l ch x ')] 
n2t ~ , nl sh nl n~? 

t empera tu re  drop is equal to the m e a n - o v e r - t h e - s u r f a c e  
~-) = ~6ff) is sat isf ied.  Coordinate x can be de termined 

2l sh nl ch n~ = R~ ch nl + . . . .  (26) 
21 + Re 2l -r' Re nl 

The curve x / l  = f(nl) shown in Fig .2  covers  a lmost  all c a lo r ime te r s  used in p rac t i ce .  It  can be seen  
here  that within the range nl < 4, which is of most  p rac t i ca l  significance, the rat io  x / l  = eonst  so that the 
formula  

applies.  

2R~ ) (27) x = I  y l / 3  .1 Jr 2Z q-'-----R~ 

Thus,  if thermocouples  B and C are  located at sect ion x according to (27), the t empera tu re  drop ac ross  
the tes t  layer  will be equal to the m e a n - o v e r - t h e - s u r f a c e  drop and no co r rec t ion  for an iso thermy should (to 
the first_approximation) be nece s sa ry .  If this condition holds t rue ,  then ~-5 and the measu red  t empera tu re  
drop alL(X) are  re la ted  as follows: 

~ =: #L~) (I - -  A%), (28) 

with A~ T denoting a co r rec t ion  for the axial t empera tu re  drop along the rod 

270 zr " 6G 46 2 l+R~  T "  (2z%-Rj; " 

Correc t ion  ACT involves r a the r  determinate  p a r a m e t e r s  and its exact  magnitude can be found analyt i -  
cally.  For  an es t imate  of the allowable At B ac ross  the block segment [0, l] it is convenient to use the in-  
equality 

h% ~ 270365 
2)~ 12 [14 -  4Re 5 R2 ] ' r  (30) 

L,, 3Rc 21 § Ro 4 (21 ~ Re) 2 

where A is the re la t ive  e r r o r  within which the t empera tu re  drop At B may be d i s regarded .  

If 7 6 is measu red  not with one but  with two pa i r s  of thermocouples  instal led at sect ions x and - x  
equidistant f rom the cen te r ,  then co r rec t ion  Ar T may  mos t  often be omitted.  

In many cases  a p rec i se  i so the rmism at the boundaries  of the tes t  l aye r  is attained ra the r  eas i ly  and, 
the re fo re ,  it is possible  to remove  any const ra ints  on the coordinate of the thermocouples  B and C location.  
With cer ta in  conditions for  measur ing  7 5 defined, for example,  one may use thermocouples  located at the 
center  section (x= 0). In o rde r  to determine these tes t  conditions, we wilt make use of re la t ion  (25). It fol-  
lows f rom here  that ~L(0, ~) = ~hff),  if  the condition 

@ 2I / 2 l - ~ R c  . n l shnl  n2l 2 - -  n l shn l  n~l~. -< A (31) 

is sat isf ied,  with A denoting the allowable re la t ive  e r r o r  due to an iso thermy.  

In this way, each co r rec t ion  has a dist inct  s t ruc tu re  and can be de termined analyt ical ly with sufficient  
accuracy .  Express ions  (29)-(31) may be cons idered  the basis  for  an optimum ca lo r im e t e r  design. 

It would be desi rable  to simplify the design formulas  somewhat f rom the prac t ica l  standpoint.  Con- 
s idering that 

1 At AE 
6 = R  B-/~c, R-~RB--~-6,  ~BC=nBckukt' b ~ - -  = k  t 

A~ Ar 
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and expanding lnRB/R C into a power ser ies  in t e rms  of 5/2R, we can rewri te  formulas  (18) and (19) as 

(32) N ( t )  ; AE 
X 

x (t) = ~v (t) (ZCB--- "~o) (1 + A~) - -  Ag o. (33) 

Here N(t) = 5Cc/-F. 

In order  to verify this method experimental ly ,  the author has built an ins t rument  according to the de-  
sign descr ibed thoroughly in [4]. Numerous measuremen t s  have revealed the effect iveness of both the in- 
s t rument  and the procedure .  The nBC (t) curve and the n~ curve shown in Fig.  3 are  based on cal ibrat ion 
tests  and measuremen t s  with a i r .  Tempera tu re  measuremen t s  were made with N ich rome-cons t an t an  t he r -  
mocouples 0.2 mm in d iameter  and cal ibrated at the D. I. Mendeleev VNIIM. The tempera ture  drop and the 
heating ra te  were measured  with a model R-306 low-res i s t ance  potent iometer  of class  0.015 accuracy  in 
conjunction with a model M17/4 m i r r o r  galvanometer .  The time Was recorded  by means of a model 51-SD 
two-hand stopwatch with 0.1 sec divisions.  

P a r a m e t e r  N(t) appears  to be an " ins t rument  constant" and can be easi ly  calculated as a function of 
the t empera tu re .  For  a copper  rod R C = 5 m m  and l = 68 ram the values of N(t) are  given in Fig. 4. 
Here are  also shown the calculated values of Ah 0 = AX r + Ah T. 

The resul ts  of control  tes ts  for determining ~ (t) of a i r  and water  vapor are  given in Table 1. Our 
data agree  c lose ly  with rel iable published data [5, 6]. 

We note, in conclusion, that numerous  tests  pe r fo rmed  at higher t empera tu res  have shown this method 
to be applicable to measur ing  h(t) of gases  up to 1000~ This study is of in teres t  on its own account and 
the resu l t s  will be  repor ted  in a separa te  ar t ic le .  

a(t) 
x (t) 
7 ( t )  
Xc(t)  
T 
k i = 1/i  (di/dt) 
n i = 1/2i (d2i/dt 2) 
Qx 

Qr  
gO 
if0 
R c , R B 
5 

7CB (t) 
A~ 

AhO 
t9 0, 7 0 

qT 
2L 

A B 
2l 

L 

F 
AE, A7 
x 

NOTATION 

is the thermal diffusivity; 
Is the thermal conductivity; 
is the density; 
ts the thermal conductivity of rod material; 
is the time; 
xs a relat ive tempera ture  coefficient;  
is a relat ive t empera tu re  coefficient;  
is the thermal  flux conducted; 
is the thermal  flux radiated;  
is the r e f e r r e d  emiss ivi ty ;  
is the S te fan-Bol t zmann  constant;  
a re  the radius of rod and of block respect ively;  
is the thickness of gas in ter layer ;  
is the time lag; 
is the correc t ion;  
is the cor rec t ion  for ra.diation and for heat leakage; 
are  the cor rec t ions  for the thermocoupte readings; 
is the thermal  flux density; 
is the height of block; 
is the thermal  conductivity of block mater ia l ;  
is the height of rod; 
is the m e a n - o v e r - t h e - s u r f a c e  tempera ture  drop ac ros s  the in ter layer ;  
is the m e a n - o v e r - t h e - s u r f a c e  tempera ture  drop ac ros s  the cyl indrical  par t  of the 
layer ;  
is the tempera ture  drop ac ros s  the block; 
is the mean surface  of the layer ;  
a re  the increment  of the thermocouple emf and the time corresponding to it; 
is the coordinate;  
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k t is the temperature coefficient of a thermOcouple; 
k u is the galvanometer sensitivity; 
n is the temperature drop, measured in divisions of the galvanometer scale. 
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